Abstract. We establish a connection between a function and a series representation using a similar technique with that that Euler used to solve the Basel problem. Our result concerns a more general series from which one can obtain ζ(2k) as a limit case. We also are able to prove the well known result expressing ζ(2k) with Bernoulli numbers as an application.
Introduction
Euler solved the Basel problem, (the exact value of ζ(2)) by expressing sin(x) x as a product of its zeros. The solution was not rigorous at the time, and later (several years) he solved the more general problem (the exact values for ζ(2k), k ∈ N) more rigorously but using another approach. However, the idea of factorization was later developed by K. Weierstrass and refined by Hadamard. In the following we give a well known theorem due to Hadamard: Theorem 1.1 (Hadamard factorization theorem). Let
and let f be an entire function of order ρ, A = {a n ∈ C|f (a n ) = 0, a n = 0} and suppose that f has a zero in z = 0 of order m ≥ 0, then:
where P (z) is a polynomial of degree N ≤ ρ
Main results
Our main theorem is the following:
Theorem 2.1. For all x ∈ R + \ {1} one has
Proof. Let w ∈ R + \ {1} and let f (z) = e z − w. It is known that f is entire of order ρ = 1. Let
Then one can assert, using Hadamard factorization theorem, that:
The zeros of f can be easily found by letting z = x + i · y
log(w) 2 +4π 2 n 2 then
Because g is holomorphic one has
Therefore from the above identities one can obtain:
Further more, because
Remark 2.2. Using the holomorphic functions identity one can extend the result to w ∈ C \ (−∞, 0]
A simple corollary is the following:
For all x ∈ C \ {i · n|n ∈ Z} one has:
Proof. In the above result let w = e 2πx then use holomorphic function identity theorem.
Remark 2.4. One can use Riemann theorem on removable singularities to extent the function on C 3. Application: Formula for ζ(2k) with k ∈ N The following theorems allow the computation of ζ(2k) for k ∈ N. The result is well known due to Euler, we give an alternative proof. 
Proof. Let
and let h(x, c) = x−c (x+c) 2 . From above one has:
Differentiating k times one obtains
The k'th derivative of h(x, c) with respect to x, can be found as follows
Differentiating 2m times and letting x → 0, one obtains
From Equations (3.3, 3.7) one has
In order to evaluate the left term from the above equation we proceed knowing that f (z) = e 2πz (e 2πz −1) 2 − 1 (2πz) 2 , as follows.
where B k is the k'th Bernoulli number. Differentiating both sides one obtians: 
Conclusions
This paper provides a new proof for the exact values of the Riemann's ζ function at even natural numbers. In the process, exact values for some series are obtained. The idea belongs to Euler, this paper just uses another function to start with. The values of ζ(2k) are shown to be particular values of another function.
